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Abstract 

We study the mean curvature flow of hypersurfaces in R"^^, with initial surfaces sufficiently close to 
the standard n-dimensional sphere. The closeness is in the Sobolev norm with the index greater than 
^ + 1 and therefore it does not impose restrictions of the mean curvature of the initial surface. We show 
that the solution of such a flow collapses to a point, , in a flnite time, t,, approaching exponentially 
fast the spheres of radii ^/2n(U^—t), centered at z{t), with the latter converging to z,. 

Keywords: mean curvature flow, evolution of surfaces, collapse of surfaces, asymptotic stability, 
asymptotic dynamics, dynamics of surfaces, mean curvature soliton, nonlinear parabolic equation. 

1 Introduction 

We study the behavior of mean curvature flow (MCF) of hypersurfaces in with initial conditions close to 
spheres. Given an initial simple, closed hypersurface Mq in the MCF determines a family {Mt\ t > 0} 

of closed hypersurfaces in M"+^, given by immersions X{-,t) : ft — >■ satisfying the following evolution 

equation: 

f) X 

— = -H{XMX), (1) 

where fl C M"+^ is a fixed ti— dimensional hypersurface, iy{X) and H{X) are the outward unit normal vector 
and mean curvature at X G Mt, respectively. We show that if Mq is close to an Euclidean n-sphere in the 
norm H'^ , s > f + 1, then the solution Mt collapses to a round point in a finite time. Due to the translation 
and dilation symmetry of ([T]) , it suffices to consider Mq close to the standard n-sphere (the Euclidean sphere 
with radius 1 and center at the origin). 

The mean curvature flow is the steepest descent flow for the area functional. It arises in applications, 
such as models of annealing metals |42| and other problems involving phase separation and moving interfaces 
([2Tl[35l[T0]). It has been recently successfully applied by Huisken and Sinestrari to topological classification 
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of surfaces and submanifolds ([33], see also [37] )• It is closely related to the Ricci and inverse mean curvature 
flow. 

Mean curvature flow was first studied by Brakke [9]. Evans and Spruck [22] constructed a unique weak 
solution of the nonlinear PDE for certain functions whose zero level set evolves in time according to its 
mean curvature. Similar results were obtained by Chen, Giga and Goto [12] and by Ambrosio and Soner 
[4]. The short-time existence in Holder spaces was proven in [9] [29l [HI |22l [34]. Sharp results on local 
regularity were established in [50) . Higher codimension mean curvature flows were studied by Mu-Tao Wang 
[46] (see also [40]). For more results on the existence, uniqueness and regularity of the solution one can see 



The question of the long time existence is, as usual, more subtle. Ecker and Huisken [T^ showed longtime 
existence for mean curvature flow in the case of linearly growing graphs. Later they [l^ proved that if the 
initial surface is a locally Lipschitz continuous entire graph over R" then the solution will exist for all times. 

However, the most interesting aspect of the mean curvature flow is formation of singularities, with two 
canonical examples being Eucledian spheres or cylinders, collapsing to their center or axis, respectively, their 
radii evolving as ^2n(t^ — t) or y^2{n — 1)(<* — t). These two cases suggest collapse to a round point or 
round line as two possible scenarios of formation of singularities. The former scenario, indeed, showed up in 
many works, starting with the result, due to Gage and Hamilton [26], who showed that initial convex plane 
curves shrink to a 'round' point, i.e. approach asymptotically circles of radii y/2{t^ — t). Later, Grayson [5S] 
showed that any embedded plane curves always shrink smoothly until they are convex, and then to points by 
the evolution theorem of convex curves. For higher dimensions the latter result does not hold. In a seminal 
work, 29 , Huisken showed that under mean curvature flow a convex hypersurface in R", n > 3, shrinks 
smoothly to a point, getting spherical in the limit. These result was extended in [30l [3T1 [32l l47l |49] . 

It was conjectured by Huisken that starting at a generic smooth closed embedded surface in M.^, the 
mean curvature flow remains smooth until it arrives at a singularity in a neighborhood of which the flow 
looks like concentric spheres or cylinders. A part of this conjecture was proved in [14j . where it was shown 
that the only singularities which cannot be perturbed away are spheres and cylinders. For more results see 
[llll38l|39]. The present work shows that the collapsing sphere solutions are stable: 

Theorem 1. Let — be the standard n- dimensional sphere and let a surface Mq, defined by an immersion 
xq e H^{il), for some s > ^ + 1, be close to S", in the sense that \\xo — 1\\h= ^ 1- Then there exist < oo 
and G M"+^, s.t. ([T]) has the unique solution, Mt, t < t^, and this solution contracts to the point z^, as 
<* — > oo. Moreover, Mt is defined by an immersion x(-,t) € H'^{S"'), with the same s, of the form 



[111131121133 [13] ■ 



x{uj, t) 



z{t) + R{uj,t)uj, 



for some z{t) E ]R"+^ 



and R{-,t) e iJ^(5"), satisfying z{t) = + 0((t, - 2l7("+5-3k)) and 




(2) 



with X{t),a{t) and ^{-jt) which satisfy 



X{t) = ^2a,{t,-t) + 0{{t, ~ t)H2^(i-2k)), 
a{t) = -\{t)\{t)=a^+0{{t^-t)^^^^'^'^) and\\£,{-,t)\\H^, <{t^-t)^ . Moreover, |z*|<l. 



Spherical collapse in MCF, April, 2012 



3 



Note that our condition on the initial surface does not impose any restrictions of the mean curvature of 
this surface 

In contrast to the above result, it was shown in [27], that for an open set of initial conditions arbitrary 
close to an infinite cylinder, the mean curvature flow does not converge to a (round) line, but develops 
a singularity at a point in a finite time ('neck-pinching'), provided initial conditions have an arbitrary 
shallow neck. Thus, unlike spheres, the cylinders are not stable under the mean curvature flow. (For 
earlier results dealing with the neck-pinching for compact ( barbell shaped) or periodic (torus-like) surfaces 
see [a El [a [II El [la Eg [la [161 lini ISl [43] and references therein.) 

The form of expression ^ above is a reflection of a large class of symmetries of the mean curvature flow: 

• ([Ij is invariant under rigid motions of the surface, i.e. X i-^ RX + a, where R G 0{n -t- 1), a G M"+^ 
and X = X{u,t) is a parametrization of S't, is a symmetry of ([!}. 

• ([U is invariant under the scaling X i-)- and t X^^t for any A > 0. 

Our approach utilizes these symmetries in an essential way. It uses the rescaling of the equation ([iJ by a 
parameter X{t) whose behaviour is determined by the equation itself and a series of differential inequalities 
for a Lyapunov-type functions. 

Remark 1. If the initial condition xq is invariant under the transformation Xi — ^ —Xi for any i = 1, • • • , n + 
1, then z{t) ~ and the proof below simplifies considerately. 

This paper is organized as follows. We rescale the equation ([IJ in Section [2] by introducing collapse 
variables, designed so that the new equation has global solutions and reformulate the main theorem in terms 
of the rescaled surfaces. In the same section we present the equation for the surface as a normal graph over 
a sphere. This equation is derived in Appendix A. In Section [3] we introduce a notion of the 'center' of a 
surface, close to a unit sphere in M.'^'^^ and show that such a center exists. We will show in Section [8] that 
the centers z{t) of the solutions to ([U converge to the collapse point, z*, of Theorem [H In Section [H we 
reparametrize the solutions of the new equation by isolating the leading term and a perturbation. In Section 
[5]we use the Lyapunov-Schmidt type decomposition to derive equations for the parameters and perturbation. 
In Section [6] we discuss the spectrum of the linearized equation. In Section [3 we introduce certain Lyapunov 
functionals and derive differential inequalities for them. These inequalities are used in Section [8] to derive a 
priori bounds on Sobolev norms of the perturbation. In Section [S] we prove the main theorem. 

Notation. The relation / ^ .g for positive functions / and g signifies that there is a numerical constant 
C, s.t. f<Cg. 
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2 Rescaled equation 

Instead of the surface Mt, it is convenient to consider the new, rescaled surface Mr ~ X^^{t)(Mt — z{t)), 
where X{t) and z{t) are some differentiable functions to be determined later, and t — X^^{s)ds. The new 
surface is described by y, which is, say, an immersion of some fixed n— dimensional hypersurface fl C M""*"^, 
i.e. 2/(-,t) : fi — ^ (or a local parametrization of Air, i-e. y{-,T) : U — Mt). Thus the new collapse 

variables are given by 

y{uj,T) = \-^{t){X{uj,t)- z{t)) andT ^ I \-'^{s)ds. (3) 



^0 

Let A = ^ and ^ be the r-derivative of z{t(T)), where t{T) is the inverse function of T{t) — X^^{s)ds. 
Using that ^ = ll + Ay + Aff = A-2|f + Ay + A-i|^ and F(Ay) = \-^H{y), we obtain from © the 
equation for y, A and z: 

^ = -H{yy{y) + ay - A-i 1^ and a = -AA. (4) 

In what follows we take 57 to be S"", the unit sphere centered at the origin. In this case, the equation 
(HI) has static solutions (a = a positive constant, 2 = 0, y(w) = y^cj). 

Standard results on the local well-posedness for the mean curvature flow (see e.g. [41], Theorem 8.3, and 
also [20ll25]) imply that for an initial condition yo g C", a > 1, and given functions a(T), z{t) £ C^nL°°(M), 
there is T > 0, s.t. (U) has a unique solution, y e C", on the time interval [0,T) and either T = oo or 
T < oo and ||y||c° — ^ oo and t ^ T. Here C" is the space of [«](= the integer part of a) times differentiable 
functions on 5*" , whose highest derivatives are Holder continuous with the index a — [a] . This result extends 
also to if* (5") with s > f + 1. 

Our goal is to prove the following result. 

Theorem 2. Let po E H''{S") satisfy \\po — 1\\h= ^ 1 for some s > ^ + 1, and let Ao > and \zq\ ^ 1. 
Then ^ with initial data (yo = pQ{uj)io, Xq, zq) has a unique solution (y,X,z) for^T, with y{uj,T) of the 
form y{uj,T) — p{uj,t)uj, with p{-,t) G iJ*(S'"), p{lj,t) — y^^^ + ^(w, r), and A(t) and z{t) satisfying 

A(t) = XQe-^o<^)d^ and \z{t) - z*| < e^("+5-2^)^, for some a(T) = a* + 0{e-^^^-^>), with |a* ~ n\ < \ 
and <C 1. 

This Theorem together with ([3|) implies Theorem [T] (see Section El). 

In what follows gij is the standard metric on 5" (induced by the inner product in R"+^) and A 
is the Laplace-Beltrami operator in this metric. Furthermore we define (Hess/ci)^^ = Qu^ui ~ 

= i^fc«(^ + ^ - 1^): and y^p = ff'""^ in a local parametrization x = x{u) of 5" (so that 
gij := ffrffr)- Here and in what follows the summation over the repeated indices is assumed. (Note that 
(Hess)ij — V,;Vj, where V,;p — and {ViUj)j — — T'j-jUJk ) In the appendix we prove the following 

Proposition 3. Let Mr — X~^(t){Mt — z{t)) be defined by an immersion y{u!,T) = p{uj,t)uj of 5" for 
some functions p{-,t) : 5*" — M"*", differentiable in their arguments and let z{t) G C"'^(R+, R"'^^). Then Mr 
satisfies ([4]) if and only if p and z satisfy the equation 

— = Gip) + ap — X^^Zr ■ 00 + X^^Zr ■ , (5) 

OT p 
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where Zrk 



§^ and 

OT 



G{p) 



Vp-Hess(p)Vp |Vpp 

p2(p2 + |VH2) +p(p2 + |Vp|2)- 



(6) 



3 Collapse center 

In this section we introduce a notion of the 'center' of a surface, close to a unit sphere, 5*", in R"+^, and show 
that such a center exists. We will show in Section [8] that the centers z{t) of the solutions Alt to ([T]) converge 
to the collapse point, 2;*, of Theorem [TJ For a closed surface 5, given by an immersion x : S*" — >■ R"+^, we 
define the center, z, by the relations Jg^{{x — z) ■ uj)uj^ =0, j = 1, . . . , n + 1. The reason for this definition 
will become clear in Section [51 We have 

Proposition 4. Assume a surface M is given by an immersion x : S" — > M"+^, with y := X^^{x ~ z) 
i7i(S'",R"+i) close, in the H^{S",W^+'^)-norm, to the identity 1, for some X £ R+ and z e M"+^ Then 
there exists z G M"+-'^ such that J^^ {{x — z) ■ uj)u!^ =0, j = 1, . . . , n + 1. 

Proof. By replacing x by x"'^™, if necessary, we may assume that z = and A = 1. Let x € {S^ . 
The relations — z) ■ uj)u>^ = Vj are equivalent to the equation F{x,z) — 0, where F{x,z) — 

{Fi{x,z), . . . ,Fn+iix,z)), with 

Fj{x,z) = / {{x- z) •a;)cj-', j = + 

Clearly F is a map from iJi(5",R"+i) x M"+i to W'+\ We notice that F(1,0) = 0. We solve the 
equation F{x, z) — near (1, 0), using the implicit function theorem. To this end we calculate the derivatives 
d^iFj = — Jg„ uj^u)^ = —-^^5ij\S^^\ for j = 1, • • • , n + 1. The above relations allow us to apply implicit 
function theorem to show that for any x close to 1, there exists z, close to 0, such that F{x, z) = 0. □ 

Assume we have a family, x{-,t) : S'" — )■ ]R"+^, t € [0,r], of immersions and functions z{t) e R"+^ and 
A(t)eK+,s.t. X-^{t){x{uj,t)-z{t)\ in the i?i(5'",R"+i)-norm, to the identity 1 (i.e. a unit sphere). Then 
Proposition 0] implies that there exists z{t) e R"+^, s.t. 

/ ((x(t^,i)-2W)-^V=0, j = l,...,n + l. (7) 

Furthermore, if y(w, r) :~ X^^{t)(x{uj, t) — zit)) = p{uj, t)uj, where r — T{t) is given in ([3]), then we conclude 
that 

/ p(L.,rV-0, + (8) 

To apply the above result to the immersion t) : S" ^ M"+^, solving ([T]), we pick z{t) to be a piecewise 
constant function constructed iteratively, starting with z{t) = for < t < 5 for 5 sufficiently small (this 
works due to our assumption on the initial conditions), and z{t) = z{S) for S < t < S + S' and so forth (see 
Section[51). This gives z(t) G M"+\ s.t. holds. This is z{t) we use in ©. 
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4 Reparametrization of solutions 



The next proposition will be used to reparamtrize the initial condition for ([S]). 

Propositioi 

a — a{p) s.t. 



Proposition 5. // \\p ~ J < 5 — — ^ for some ri — ^ <'3.# < n + ^, then there exists 



p- J- ±1 in L^S"). (9) 



Moreover, \a{p) - a#\ < and \\p-y/^\\H^ < Wp-JirWH 



Proof. The orthogonality conditions on the fluctuation can be written as F{p,a) = 0, where F : L'^{Vl) x 
M+ ^ M is defined as F{p, a) = /g„ [p - ). 

Note first that the mapping F is and a) ~ Va. We compute the linear map daF{p, a): 

{d.F){p,a)^ £^„-3/2^_^|^|, 

Hence daF{p, a) is invertible. Thus, by implicit function theorem, the equation F{p, a) = has a unique 
solution for a in a neighbourhood of the point (. / a#). 



To obtain estimates on the neighbourhood above we follow through the proof of the implicit function 
theorem. We expand the function F(p,a) in a around a^: 

F{p, a) = F{p, a#) + daF{p, a#)(a - a#) + R{p, a), (11) 

where R{p,a) is defined by this equation. Hence, by the standard remainder formula, it satisfies, for \a — 
a#\, \a' - a#\ < r, 

\Rip,a)\ < l^np\dlF\r^ < ^^^^jj^r^ (12) 

and 

\R{p, a') -R{p, a)\ = \F{p, a') - F{p, a) - daF{p, ai){a' - a)\ 
= I dsF{p, sa' + (1 - s)a)ds - daF{p,a^){a' ~ a)\ 

= ds\daF{p,sa' + {1 ~ s)a) ~ daF{p,ai)\\a' - a\ (13) 
< sup\dlF{p,a)\r\a' -a\ 

- 8(n-l/2)5/2^l" "I- 

Using (jlip . we rewrite the equation F{p,a) = as a fixed point problem a — — ^p{a — a^), where 
$p(a-a#) = -de 
r, we have by ([1] 



$p(a-a#) = -5aF(p,a#)-i[F(p,a#)+i?(p,a)]. Choose r ^ ( ^^^1 ,' ,5)1/2 ^ Thenif |a-a#| < 

# 
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Moreover, by (IT^ 

\^p{a' - a#) - <i>p(a - a#)| = \daFip,a^)'^\\Rip,a') - R{p,a)\ 

< 3v^|g"l r\a' -a\- i|a' - al 

- V^^IS"! 8(n-l/2)5/2 ' I" "|— 2I" "I- 

we conclude that this fixed point problem has a unique solution satisfying the estimates \a—a^ \ < r, provided 

\\P-,^\W<5. □ 



Unfortunately, we cannot apply Proposition [S] directly to solutions, p{uj, r), of the equation ([5]), since the 
parameter-function a(T) which would come out of Proposition [5] would have to be equal to the a(r) entering 
([S]). To overcome this problem, we 'deconstruct' p{uj,t), using that it originates as p{uj,t) := A(i)"^i?(aj, t), 
with R{LL!,t) := {x{u!,t) — z{t)) ■ lo (see Equation ^ and Theorem [5]) and r — T{t) given by ([3]), and we 
construct an orthogonal decomposition for R{Lu,t). 

For any time to and constant 6 > Owe define Itg^s '■— [ioi^o + and 

AtoJ ■■= C^{Ito,s, [n- ^,n+^]). 

Let X{t) be positive, differentiable function and denote R\{uj,t) X{t)^^ R{uj,t). For any function a G Ato,s 
and Ao > 0, we define the positive function 



A(a,Ao)(t) := (A^ - 2 / a{s}dsy^\ 

Jto 

i.e. A(a, Ao)(t) satisfies X{t)dtX{t) = a{t) and \{to) = Aq. Suppose R is such that 

sup ||i?A(a,Ao)W - « 1> (14) 

for some a € At^.s and Ao > 0. We define the set 

Uto,s.M ■■= {R e C\lto.s,L^{n)) I (HI holds for some a{t)}. 
In what follows, all inner products are the inner products. 

Proposition 6. Suppose \q^5 <C 1. Then there exists a unique map g : hlto,S,\o ~^ Ato,S, such that for 
t € Ito.S, o,ny R G lAta^s.Xa can be uniquely represented in the form 



Rx{i^,t)^ ^^^+a^,t), (15) 
with g{R){t) = a{t), ^{■,t) LI in L'^{Vi), and X{t) = A(a, Aq). 

Proof. In this proof we write A(a) instead of A(a, Aq) and R\(a){t) for the function lo — > R\{uj,t). Define the 
Ci map G : CHh^j, [n- i]) x CHlt„,5, L^{n)) ^ C\lt„,s,R) as 



Gia,R){t) :=(i?,(^)(t)- J-|^,l 
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The orthogonality condition on the fluctuation can be written as G{a, R) = 0. We solve this equation using 
the implicit function theorem. Note first that G{a, -y/^) — 0, Va. Next, we compute 

Note that daR\(a)<^ = -^(0~^^A(a) Jtg o:{s)ds. Using this expression and the inequality X{t) > provided 
that i5 < (4||a||oo)^^A§, we estimate 

||9ai?A(Q)a||oo < (^Aolli^Alloollalloo- 

So daR\(a) is small, if i5 ^ (Ao||i?A||oo)^^- This shows that daG{a,R) is invertible, provided i?A(a) is close 
to ^J^. Hence the implicit function theorem implies that for any a £ Ato,s there exists a neighborhood Ua 

of in Ci(Jt„,5,i^(^^)) and a unique map <? : Vg {i? € C^It,,,s, L^i^)) \R\(a) G ^a} ^ Ao,5, such 
that G{g{R), R) = for all R G Vg- Proceeding as in the proof of Proposition [Sj we obtain a quantative 
description of the neighbourhood , which implies the statement of Proposition [51 □ 

Let an immersion x{-,t) : il — > R"+^ satisfy ([T]) and let z{t) g ]R"+^ be as in Section |3l i.e. such 
that d?]) holds. We apply Proposition [6] to R{uj,t) = {x{uj,t) — z{t)) ■ uj to obtain a(r) and £,{ijJ,t) s.t. 
p{uj, t) = i?A(a, Ao) (^) satisfies 

= + (16) 

with -L 1- (Here in some functions we changed the time i to t = T(i), given in ([3|).) This together with (jS]) 
implies that /^(p — y^)w"' = 0, j = 0,...,n + l, where we use the notation = 1, or 

- ± j = 0,...,n + 1, in (17) 



5 Lyapunov- Schmidt decomposition 

Let p solve ([5|) and assume it can be written as p(w,r) = Pa(T) + with = and ^ _L w^, j = 

0, . . . , ri + 1. Plugging this into equation ([5|), we obtain the equation 

|^ = -L„e + ^(0 + A-^Zr--^+F, (18) 

where = -dG{pa), N{i) = G{pa + i) ~ G{pa) - dG{pa)^, F = -drPa - \-^Zr ■ w and, recafi, = |f 
and z-rk = fffc-2^T- ~ §7- compute 

ia = ^(-A-2n), 

y/.T'i _ (Po+P)CAg ne I |Vgl' VC-Hess(C)V^ 



Now, we project ([TO)) onto spanjoj^, j = 0, . . . , n + 1}. By 

J =0,...,n + l, 



(20) 



Spherical collapse in MCF, April, 2012 



9 



we have 

'^-a-'/'ar\S-\ = (n{0 + X-'~Zr ■ A , (21) 

\ Pa + 4 / 



2 



cX-'zi = ( N{0 + X-'Sr ■ ^^,,co^ ) , + (22) 



where c := J^^(Ld^)'^ ~ Indeed, this equation follows from 

. ^^■) = - (e, drio^) - 0, j - 0, . . . , n + 1; 

• (ia^, w^ ) - Lac^^') = 0, j = 0, . . . , n + 1; 

• = -A-i (z^ •a;,a;^) = -cA-^z^, j = l,...,n + 1. 
Equations and ([221) give 



|a-^/V|<|/A^(e) + A-iz.-^f-,l\| 

' ' \ Pa + 4 / ' 

<||iV(e)|Ui+A-i|z,|||Ve|Ui (23) 

and 

X-^\zr \ <\(N{0+X'^~Zr-^^,Uj)\ 
\ Pa+i / ' 

<||iV(OIUi+A-i|z.|||Ve|U.. (24) 

Next, we estimate N{^). Using (fTg)). where, recall, p = Pa + and assuming that |^| < ^Pa, we have 

that 

ii^(Oiu^ <(iiveiii4 + iieikoiieik- (25) 

This together with ([231) and ([24]) gives 



|a-^/V|<(||Ve||i. + ||eiki)||Clk2 (26) 

and, provided that \\S,\\h^ ^ 1; 

k.|<A(||V^||i. + ||^|UOIlelU- (27) 

6 Linearized operator 

The linearization of the map —G{p) at pa = is the operator La := ^dJ{yJ^) = -^(^ A — 2n). The 
spectrum of —A is well known (see [IS]): + n — 1)| I = 0,1,---}. Let Hi be the space of all the 

eigenfunctions corresponding to the eigenvalue Z(/+n—l) of —A. Then dim = n + l n + l 
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Moreover, Hq = span {1} and Hi = span {-^j • • • , ^yj]-}- Hence the spectrum of La is {^(/(Z+n— 1)— 2n)| I = 
0, 1, • • • } and 

W = -2a,5,o, J=0,...,n + 1. (28) 

The conclusions above imply that 

{tLaO>-Uf^H^^', j- = 0,...,n + l. (29) 
n 

Now, is the reason why we need the conditions (IT7)) . 

Observe that the eigenfuctions w-' are related to the zero modes of the operator La ■= dJ{pa), where 
a = {R, z), and pa is the map from f2 to R satisfying \pa{x)x — z\ = R. Note that, if Sr_z denotes the sphere 
in M"+i of radius R, centered at z e M"+i and graph{p) {p{uj)oj : uj G S''} for p : 5" ^ M+, then 5^ = 
graph{pa) ■ Hence J{pa) = for any a. Indeed, differentiating J{pa) = we find dJ{pa)daPa + daJ{pa) — 0, 
which implies Ladupa — —2adiiPon LadzPa = 0, i. e. daPa are eigenfunctions of the operator La- 

On the other hand, the equation for pa implies implies that pa{x)'^ + \z\'^ — 2paix)z -x = R^ and therefore 



Pa{x) = Z ■ X + \/ R? — \zY + [z ■ x)2, 

where, recall, x = Differentiating the former relation with respect to R and z\ we obtain 

PaixjX"^ — -S^ 

dRPa{x) ^ — and d^jpaix) = ° , , r- (30) 

Pa(X) — Z ■ X Pa(X) — Z ■ X 

Hence we have that 

dBPcix) = 1 + 0(|z|), dz^paix) = x^ + 0{\z\). (31) 

Since La ~ La + 0{\z\), these equations and Ladupa = —iad^pa, LadzPa = imply (pS)) . This relates the 
zero modes ((30)) to the eigenfunctions in ((28|) . Finally, we note that daPa are tangent vectors of the manifold 
of spheres, {Sr^z \R € K+, z€ 



7 Lyapunov functional 

Let a function ^ obey (fT8|) and (|20l) . Using that (|20|) implies {LaS,,Cl ^ if H^H^' derive in this section 
some differential inequalities for certain Sobolev norms of such a f . These inequalities allow us to prove a 
priori estimates for these Sobolev norms. For fc > 1, we define the functional Afc(f) — i <^^,ij;^). 

Proposition 7. There exist constants c > and C > smc/i that 

Proof. By a standard computation, we see that there exists a C > such that (C,-^qC) ^ C'a''||^||^fc. 
We prove the lower bound below. Recall that {£,,La£,) > ^H'^IP- From the definition of La we also have 
{^,La£,) = Cia||V^|p — C2a||^|p for some Ci > and C2 > 0. These two inequalities imply that 

(e,iaO =p{^,LaO+{l-t^){^,LaO 

> MCiallVef - pC2aU\\' + (1 - p)CaUr 
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provided that ^ = c+ci+C2 ' '^^ere C = 

For the general case, observe that La is a self-adjoint operator and has the same eigenfunctions 
as La with eigenvalues + n - 1) - n)'' : I ^ 0,1, ■ ■ ■}. Hence, by m, (C,iaO > 0° 

the other hand, we have as before , -^^0 ^ (^)'^[llCllfffe ~ Then proceeding as above we find 

(C)-^aO ^ 'j'^ll^lllffej which is the lower bound in the proposition. □ 

Proposition 8. Let k > § + 1- Then there exists a constant C > such that 

drAkiO < --Afe(0 - [J - C(Afe(0^/' + AkiO'ML^a'- (32) 
n 2 

Proof. We have 

ia. (C, = {dr^, LlC) + ^ [drLDC) . (33) 



(34) 



First, from ^ 

{drt LlO - - {LaL + {N{0, Lie) + (\-'zr ■ ^'^) + 

We consider each term on the right hand side. We have by ([^^ 



> \\\LTe? + '^ (LleLl^ 



(35) 



To estimate the next term we need the following inequality proven in Appendix B: 
This estimate implies that 

\{N{O.Lie)\ -|(£a^Af(0,ia^e)l 

< llL:^iv(OiiiiL~eii (3^) 



<c{K]!\o+m))\\LT£.r. 



From (l27t and Proposition [7] we obtain that 

■ -^^L^Cj = (^Lp^i\-'Sr ■ -^),L^(j < C{Al/'iO+Am)\\L?^Cr- (38) 



We have, by ^ (i.e. LaUJ^ = -2aSjo, (w^^) = 0) and the self-adjointness of La, that {uj^,L'^^) = 

0, j — 0, . . . ,n + 1, and therefore 

{N,Lti)^0. (39) 

Finally, we have using (|26|) 



(e,(9.L,^)e) = < CdlCll^. + ml\)\\L^^r. (40) 



a 



Relations (I331)-(|ini) yield □ 
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8 Proof of Theorem [2] 

We begin with reparametrizing the initial condition. Applying Proposition 31 to the immersion Xo{uj) and 
the number Aq — 1, we find zq e R"+-'^, s.t. pq{uj)uj^ — 0, j = I, . . . ,n + 1, where po{uj) — {xq{uj) — zq) ■ uj. 
Then we use Proposition [S] for pa{uj) to obtain and ^0(1^), s.t. po — pag + ^0, with ^0 -L 1- Here, recall, 
Pa — The last two statements imply that ^0 -L j = 0, . . . , n + 1, where, recall, uP — \. If the initial 
condition, a;o(w), is sufficiently close to the identity, then ao and ^0(1^) satisfy Afc(fo)^ + Afc(^o)'' < 
Aa:(Co) ^ 1 and |ao — < (see Proposition [5]), where the constant C is the same as in Proposition |3 

Now we use the local existence result for the mean curvature flow. For 5 > sufficiently small, the 
solution, x(uj,t\ in the interval [0,(5], stays sufficiently close to the standard sphere fi. Hence we can apply 
PropositionHl with z(t) = 0, to this solution in order to find s.t. 

((a;(cj, t) — z(ty) ■ uj)ijj-' =0, j = 1, . . . , n + 1, and z(0) = zq. 

By Proposition [3l y{uj,T) := X{t)~^{x{u},t) — z{t)) = p{uj,t)uj, with p{uj,t) = {x{uj,t) — z{t)) ■ lu and A(i) 
satisfying ([5]). Finally we apply Proposition [6] to R{uj,t) :— {x{uj,t) — z{t)) ■ uj = X{t)p{uj,T) to obtain a(T) 
and ^(cij, r) s.t. r) = pa(T-) + ^(oj, r), with ^ _L cj^ , j = 0, . . . , n + 1. We repeat this procedure on the 
interval [5, (5 + 5'] with z{t) :— z{S) and so forth. This gives Ti > 0, z(t(T)), p{uj, r), a(T) and ^{uj, r), r < Ti, 
s.t. x{u!,t) = z(t) + X{t)p{uj,T{t)) and p(aj,r) = Pa{T) + ^('^j'''); with p and A satisfying ([5]) and ^ _L uj^ , 
j = 0, • • • ,n + 1. 



Now, let 



T = sup{r > : Afe(C(r))^ + Afc(e(r))^- < ^, |a(r) - n| < i}. 



By continuity, T > 0. Assume T < 00. Then Vt < T we have by Proposition [8] that dr^kiO < -f Afc(C)- 
We integrate this equation to obtain Ak{0 < AA;(^o)e" ^"^^ < Afe(^o)e"^^"^^^ < Afc(,^o)- This implies 

Akim)^ + ^kiaT))' < Afc(eo)^ + A.i^o)" < 

Moreover, by (pS)) . 

Hence \a{T) — n\ < j, and therefore proceeding as above we see that there exists (5 > such that 
A/c(C(0)^ + ^ki^it))'' < 5^ and \a{t) - n| < i, for i < T + (5, a contradiction! So T = 00 and Afe(^) < 
Ak{^o)e'^o ^ds^ gy Proposition El we know that H^H^^ < Afe(^o)e~ 

|a(r)-5_a(0)-5| < i T |a(s)-ia,(s)|ds < /^^(Ods 
^ Jo Jo 

< Afe(eo) re-(i-5^)^ds«l, (41) 

and by ^ 







|z(t)-z(0)|< / \zris)\d.s< / A(s)Afc(e)ds 
Jo Jo 

< A,.(eo) e-("+5-2k)-ds « 1. (42) 
Jo 
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Observe that Aq — A(i)^ = 2 J* a{T{s))ds. Let be the zero of the function Aq — 2 a{T{s))ds. Since 
|a(T) — < i, we have < oo and A(i) -> as t t*. Similarly to (|4T]) . we know that 

|a(T2)-i/2 - a(Ti)-i/2| < r e-(i-^)^ds ^ 0, 



as Ti,r2 — )■ cxD. Hence there exists a* > 0, such that |a(T) — a*| ^ e 2n)'^. Similar arguments show 
that there exists e R"+i such that |z(r) - z*| < e"("+^"^)^. Then A^ = A^ - 2 a{T{s))ds = 
2 /j** a{T{s))ds = 2a* (t* — ^) + o(t* — t). The latter relation implies that r = = ^ (t ^a)^i+o(i)) 

and therefore e-(i-27r)^ ^0((t,-i)2S7(i-2k)). So A(i) = ^2a,{t, - t) + 0{{U-t)^+^^^-^^), p{uj,T{t)) = 
\J a(T(i)) IICC"^! '''(O)IIh'' ^ (^* — ^)^- The latter inequality with k ~ s, together with 

estimates on a,z and A obtained above and the relation R{Lu,t) = X{t)p{uj,t), proves Theorem[2] 

Appendix A: Proof of Proposition [3] 

We rewrite 11]) as 

g • z.(y) = -H{y) + ay ■ u{y) Hv)- (43) 

Recall that in our representation y = p{oj, t)uj, uj S S"". We extend p to \ {0} by p{x, r) = p{a{x), r), 

where a : R"+^ — S"', a(a;) := a; = |||- . Then y — p{x, t)x and we can write Mr — {x ^ : •^{x, t) = 0}, 

where ip{x,T) — \x\ — p{x,t). Now, = and := diva;(|^^), where is the standard gradient 

in X. Therefore 

^^G{p) + ap-X~^Zr-{x-Vxp) on Mr, (44) 



where G{p) = -H^T+\V7W- 

Let Hess a; be the operator-valued matrix with the entries (Hess2;)ij := dx^dxj- We compute H: 

H = ) - 



(45) 



-ii • Va;|Va;/5p + Va;P • HeSSa;(p)V:rP 



(l + |V,p|2)3/2 

Since p{\x) = p(x), we have that x ■ V xP = 0. Differentiating this equation with respect to Xi we find that 
X ■ ^xdxiP ~ —dxiP, and therefore x ■ ^ x\^ xp\^ — 2|Va;p|2. Plugging this into (|45)) gives 

l^-A^p -j^^\'^xP? + 's/xP-^esSx[p)yxP 

Vi + |v.pP^ (i + |v.pP)3/2 ■ 

Let r = We note first that due to the well-known representation (see pT| ) 

= r-"a^r"a^ + on R"+\ (47) 
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we have that A^p \Mt= ^A. Furthermore, since is homogeneous of degree 0, d^ip = ffr^- = 

jk^ls^djk^'p = ^i^ls" t^t^VV = ^|f;vV and therefore V.p • = ^^z^r^^'p- Next, we 
need the foUowing lemma which is proved below. 

Lemma 9. 

|V.PP = ^|VH', (48) 
V:,p-HesS:,(p)V^p= -^(Vp-Hess(p)Vp). (49) 

This lemma, together with equations H = H\j^j , pS)) and (|47l) . gives H{p) := --^=i^=G'(/3) and 

therefore G{p)\j^j = G{p). This, together with p4)) . gives ([5]) - ([6]). Hence if M^., defined by the immersion 
y{uj,T) = p{uj, t)uj of S'", satisfies (HI then p(r) satisfies ([5]) - (j6|). Reversing the steps we see that if p satisfies 
(l5|) - IH]), then the immersion y{uj,T) — p{lu,t)u! satisfies (|4]). □ 

Proof of Lemma\^ Recall the notation a{x) — x — Let (3 : U ^ M"+^ be a local parametrization of ft, 
and we denote p in the local coordinates, i.e. po /3, again as p : U — > M. We write p:=poa = poj3o j3^^ o a, 
which we rewrite as p — p o a, where a :— o a : M"+^ — > U . Now, writing u = u{x) = (j{x), we define 
^rfjr 9^^ , where we use the convention of summing over repeated indices. We claim 

9"'{x)gjk{u) = T^kk- (50) 



Indeed, since I3{a{x)) — a{x), we have 

dx^ 9u™ 9a' 1 , ^ x^x^ 

O (j) = : 

'c)u'" dx3 dx^ \x 



i^-^)^ = i^ = - fir)- (51) 



(52) 



Note that a is homogeneous of degree 0, so a; • V j-a ~ 0. This together with ([5T|) implies that 

5'n^)5,fc(«) = l^i^(i;°^)(i^°^) 

Since is homogeneous of degree 0, we have that |a;|^^ = J^|si, and therefore = j^(J^|n). 

Using cr o /3 = Ij/, we compute that (ffj o /3)f^ = ^ifc, which is equivalent to §^\si{^ ° cr) ^ 5ik- This 
gives us 

du^ 9x™ _ I du' dx"" _ 1 

([5^ and Q imply the equation ((50)) . 

Using the relations ^ = Qij'^-'p (this follows from the definition of Vp), ^ = ^§t-§^, and (|50l) we 
compute 

^ du^ dul _dp_ _dp_ ^ gkU^\_dp__dp_ 

= fffci(a;)5fc™(^)V"p<?i„(M)V"p= ^VV5/nV"p ^^^^ 



Spherical collapse in MCF, April, 2012 



This gives 

Now we prove (|49p . We have 



V.p.Hess.(p)V.p=^3|^^ 

_ du'^ dp du\ d /du!l dp -^ du"^ dp 
dx^ du"^ dx^ du\ ^ dx^ du^ ^ dx^ du"^ 



-ml dp d ( du^ dp \ du^ dp 
" du'''^ du^ ^ dx^ du^ ' dx^ du"^ 

-ml-kn dp dp dp , -ml 

y .y du'^ du^u^ du^ ^ du^ du^ dx^ ^ du^ dx^ dw^ 

A + B 



~ml~kn dp dp dp , -ml dp d ( du \ dp du" 
y .y diij^ du^tiM d^i^ ^ d^ij^ duj ^ dx^ ! diiM dx3 i 



Then 



and 



R — 1 xml dp dp dp d ( du \ du" , 1 -ml dp dp dp d ( du" \ du 
^ 2^ du^ du*' du" du' y dx3 > dxi 2^ Ou™ du" du'' du' ^ dxi > dxi 

1 -ml dp dp dp d ( du*" du" 



2^ du^ du'' du" du' ^ dx^ dx^ 
= Igmi dp dp dp dg''" 
2^ du"^ du^ du^ du^ 

Now, by 1^ = g.jW^p, B = Bi = B2 = B3, where 



) 



Bi = 


2y ymryks g„i 


du"^ 


■(Vp)'-(Vp)^- = 


B2 = 


2y ymsynr g„i 


dp 

du^ 




B3 = 


21/ ykryns g„i 


dp 

du^ 


(Vp)'■(Vp)^ 



W5..1^;|f^(vp)'■(vp)^ 



Hence 



1 T^p dp 
'duP 



5 = -rn4r?.7^V>VV, 



where r^, = -\jf(^g,^^+g,^^^ _ \x\^~gPi g.^g^^^tZ), Using that 

(points X € K"+-^ are parameterized by /3{u) and |a;|), we compute gks^§:^ = -^{gtsS^^) 
-g^P^. This gives 

TP, =M!(gfeP^+5'cp^_|^|2~p;^^^~fe„^) 
Since |x| = 1, and therefore gP'' — g^P on F, we have that on F 



T.p ^ i fep/^5fc£ _ dgrs_ 

which coincides with our definition for F^!^ at the beginning of Section ??. 

Equations ((55|) . ((5^ and ([57]) give (gH]). This finishes the proof of the lemma. 
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Appendix B: Proof of ( 1361 ) 

Lemma 10. Let k > ^ + 1 and assume that |^| < ^Va- Then 

WL^NiOW < (Al^'iO+^lmWL^^l (58) 

Proof. Assume first that k is an integer. Then \\La^ ri\\ ~ H'yll^fc-i — Ik/IU^ + II V'''^"'^^/lli2 • Now, by the 
expression for Af in ()19p . which we recall here, 

P'pl ppl p{p^ + IveP) P^{p^ + ivep) ' ^ ^ 

the term |V''"^iV(0| is bounded above by terms of the form \£,\VS,Y{^"^£.) ■ ■ ■ (V"=C)I, where 

Q<t, r <k + l, 1< s <k, t + r + s>2, 2<ai<---<as<k-s + 2, ai -\ +as<k + s. (60) 

Note that the last two conditions in (|60| imply that s < k. Then by Holder's inequality we have 

l|v^-iiv(OII < l|veiri=.||v"^eiU- • • • I|v"-cIIl.= , 

where j- + ■ ■ ■ + j- ^ I. 

Since fc > ^ + 1, we have, by the Sobolev embedding theorem, that HCIIl^^ + ||V^||l=o < ||^||h''- Moreover, 
we choose pi so that k — ai > f — — for all z = 1, • • • , s — 1 and k + 1 — > ^ — — (this choice implies 
CKj < f + 1 + (fc — f )s, which is compatible with (l60l) ). Then, using the Sobolev embedding theorem 
again, we have ||V"'^||LPi < ||<^||Hfc, for z = 1, • • • , s — 1, and || V"=^||i,ps < ll^H^fc+i- Combining these 
estimates gives us 

\\Lp^Nm<mH''r'm\H^- 

Now from l<r + s — l<2fc and Proposition [7] we obtain (l58l) . Furthermore, one can easily check that k 
can be taken arbitrary close to ^ + 1 (this means that one is able to satisfy 1 > a,; — ^, for z = 1, • • • , s — 1, 
2 > as - ^ and a, > 2, Vz). 

If k is not integer, we proceed as follows. Let (3 — k — [k] G (0, 1). We use the space H^^ with the norm 

II/IIh. = II/IU^ + / y^||A,/|U., 

where Ahf{x) — f{x + h) — f{x). We have the embeddings 

II/IIh^<II/IIh. <II/IIh.', /?</?'■ (61) 

Let us prove the first embedding: 

(-A + if fix) = Cpfix) + / [fix -y)- f{x))Gp{v)dy, 
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where Cp is an analytic continuation of := J Gi3{x)dx with Re(/3) < n and Gp{y) := / e'^''^(|fcp + l)'^/^dfc. 
Note that Gp{y) ~ as \y\ — ^ and is exponentially decaying at oo. So 

II/IIh. - IK-A + if'^fU^ < c^II/IIl^ + J ^^||A,/|U. < 11/11^,, 



which proves the first embedding in (|6ip . 

For the second embedding, let ip — (—A + 1)*^ ^^f. Then 

/ = (-A + 1)-^'/^ = / G0,{x - yMy)dy 



where Gp'{y) := J e'y''{\k\^ + l)-^'/^dk. Note that Gfj'{y) ~ \y\-"+'^' as |y| and is exponentially 
decaying at oo. Let P < (3" < (3' . Then 

i|/i|<i i/ifi'V'* II Ah/lli^ 
= /|M<i FF^II i|x-al<2(<^/3' (a; + /i - 2/) - G^' {x - y)My)dy 
+ I\x-v\>2(^f>'(^ + h-y)-Gp,{x- y))(p{y)dy\\ 



L2 



^ Im<i W^i\hr\\ Ii.^yi<2 N - yn+^'-^"My)\dyh^. + \h\\\ \x - yr'+P'-'My)\dyh.) 

< ML^ = \\f\\H^' 

(62) 

and 

dh ,, . „,, ^„ „„ f dh 



This proves the second embedding in (1611) . 
Using ((6T|) . we obtain 

iin-=ie.iiH.^ </^iiA.n-=iy2 

^ ELi / jTTp^ll rij^i S.jAhCi U^i+i '^hS.jh 

< J2Ul(^.J^^ llOllpf.'))/ |7rpTFl|AhC»llpW, 



where Thf{x) — f{x + h), J2'j=i 'ITT = Using appropriate embeddings, we conclude finally that 

iine.iiH.<Eriii?.ii 4-), (63) 

3 = 1 *=1 3 = 1 

wherecf > f - ^ Vj ^ « and cj'^ -/3 > f-^. Similarly as before we know that 4''' > K^"!)' 



which guarantees the existence of 



For fc not an integer, we write 

l|A^(e)llH-i ^ll(-A + l)^/2^™iV(0IU^, (64) 
where m = [fc] — 1 and (3 = k —[k] ^ (0, 1). V'"iV(^) is treated as before to obtain 

V"Ar(e) -.e*(VO'^V"iC---V"=C, (65) 
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where t<m + 2, r<m + 2,2<aj<m — s + 3, '^j ^ rn + 1 + s, s < m + 1 and t + r + s > 2. 

It aj < m + 2 Vj, then, using with — V"^^ Vj, c^*"* + = fc Vj 7^ i and c|*^ + a,; = fc + 1, we find 

iie*(vc)'-nv"^cik^ < (66) 

We use this estimate, together with ((64)) and (|65p . to obtain 



2[fc] 

<Ell^llH'=lieili/'-+- (67) 

If tts = TO + 2 and therefore s ~ 1, then we let / ~ 'f*(Vf)'' and proceed as 

(-A + l)'3/2/v'"+2e = /(-A + i)'3/2v™+2^ + [(-A + l)'3/^ /]V™+2e. (68) 
The first term on the r.h.s. is easy to estimate: 

ii/(-A + i)^/2v'"+2eii<ii/iiooiieii^.+i 
< ii?iiL''^nieiiH^.^<Ep=iiieii^.iieiiif^+.. ^ ^ 

To estimate the second term in the r.h.s. we note that 

[(-A + 1)^/2, f]rj = J (fix) f{y))Gp{x - yMy)dy 
= J ri{x - z){f{x ~ z) - f{x))Gi3{z)dz. 

Using this representation we obtain for /?' > /3, 



\\[i-A + ir/^J]rjh 
< sup, M- - z)^^^^\\md.) I \zf\Gp{z)\dz 



where ^ + ^ — ^- Similar to (|62|) . we have 



SUp||^A,/||ff. < |l/|l^.+y, 7'>7. 

Using this estimate and Sobolev embedding theorem, we find 

|l[(-A + l)''/2,/]r;|l2 < |lr/|U.sup||^||^. < |lr;|U.|l/||^.+,., 
where /3">/3',a>f-^,5>f-^. Taking / = C*(VO'' and 77 = V'"+2^, a = /3, we find 

ii[(-A+i)^/2,/]v™+2^ii < ii^*(voniH^+^"iieiU'^+- 
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Note that fS" + r > n — ^ = ^. Let (3" + r ^ j. As before, we estimate 

jlH \-jt + r=j 

Since fc > ^ + 1, we can take j = k — 1 and so 

where, recall, / = ^*(V^)''. This inequality together with ([M)) . (|68l) and (|69l) implies (1571) also in this case. 
As was mentioned above (|57)) implies dSS]) . □ 
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